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Attitude Regulation About a Fixed Rotation Axis

Jonathan Lawton*
Raytheon Systems, Inc., Tucson, Arizona 85734

and

Randal W. Beard®
Brigham Young University, Provo, Utah 84602

The attitude control problem of rotating a rigid body from its current attitude to a desired attitude such that the
instantaneous rotation axis is aligned with an externally defined axis of rotation is considered. The key idea is to
factor the attitude quaternion into rotations parallel and perpendicular to the desired rotation axis. State feedback
and output feedback control strategies are designed to minimize the perpendicular component. Simulation results
are provided to illustrate the salient features of the approach.

Nomenclature
e = unit quaternionrepresentationof the attitude error, ¢%*q
e, = componentof e thatis parallel to u
e, = componentof e thatis perpendicularto u
J = inertia matrix of the spacecraft
po = scalar part of the unit quaternionp
p = vector part of the unit quaternionp
g = unitquaternionrepresentationof the attitude
of the spacecraft
¢’ = unit quaternionrepresentationof the desired attitude
of the spacecraft
q* = Conjugate quv (_éTs qO)T
u = desired axis of rotation
6 = 2tan"'(u"e/e)
T = torque applied to the spacecraft
w = angular velocity of the spacecraft
w = (Whor )
w; = angular velocity associated with e, Ou
w, = angular velocity associated with e
1 = unitquaternionidentity, (0, 0, 0, 1)”

I. Introduction

IGID-BODY attitude regulation is a problem that has gener-

ated much interest. A great deal of work has been done in this
area, including attitude tracking,' inverse optimal stabilization? ap-
proximate solutions to the optimal attitude control problem,* and
H,, suboptimal control.*> These results assume that the spacecraft
angular velocity is known. A good approximation of the spacecraft
angular velocity is often not available. Passivity-based control has
been derived to regulate the attitude of a spacecraft®’ without ve-
locity information.

Sometimes the path taken to the final orientation is as important
as is the final orientation. For example, a problem that has attracted
attention lately is the spacecraft formation control problem.? The
attitude formation control problem described in Refs. 8 and 9 re-
quires that the spacecraft constellation perform a maneuver such
that the attitude of the individual spacecraft remain synchronized.
To accomplish this, the spacecraft must rotate about axes of rotation
that are parallel to each other.
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This type of maneuver leads to an interesting spacecraft attitude
control problem. If the spacecraft deviates from the desired axis of
rotation, then the objective of the control law is to realign the axis
of rotation, with the other spacecraft, as well as synchronize the
angle of rotation along that direction. Attitude synchronization has
been discussed in Ref. 8. The objective of this paper is to present a
model-independentattitude control law that facilitates the types of
formation maneuversdiscussedearlier, that s, to rotate a rigid body,
as closely as possible, about an externally assigned axis of rotation.

Our objectiveis in contrastto the well-known problem of eigen-
axis rotation where the goal is to rotate through the shortest possible
angle.'®!! If the spacecraft if performing a rest-to-rest maneuver,
and it deviates from the original eigenaxis, the control objective
is still to maneuver the spacecraft to its final attitude through the
shortest possible angle. Therefore, unlike the problem addressedin
this paper, the eigenaxis may change in time, due to disturbancesor
model uncertainty.

Current strategies for eigenaxis rotations use a combination of
feedback control and feedforward control terms. Wie et al.'? used
feedback on the quaternionerror combined with feedforward of the
gyroscopic term to implement eigenaxis rotations via quaternion
regulation. These regulation results were extended to the tracking
problemby Weiss.'? The tracking results are also model dependent
and require cancellation of the gyroscopic term. Some effort has
been made to derive a model-independent approach to quaternion
regulation via eigenaxis rotations. Cristi et al.'* developed adaptive
controlstrategiesto approximatethe controlfoundin Ref. 12. Output
adaptive controlis used in Ref. 15 to approximate an inertia matrix.

Our approachit to consider a rest-to-rest maneuver and to factor
the required rotation into a rotation about u, where u is an arbitrary
unitvectorfixed in the inertial frame, followed by a rotationaboutan
axis perpendicularto u. The control law then damps out the rotation
perpendicularto u.

A paperthatisrelated to our approachis Ref. 16, which addresses
the problems of spin stabilization about an arbitrary axis defined in
the body frame. However, the approach in Ref. 16 differs from our
approachin several aspects. First, the rotationaxis in Ref. 16 is fixed
in the body frame, in contrast to our approach, where u is fixed in
the inertial frame. Second, in Ref. 16, the rotation axis must be
known a priori, because the control strategy depends explicitly on
the rotation axis. On the other hand, in our paper, u is an input to the
controller, which is designed independent of u. Finally, the control
strategy in Ref. 16 is model dependentin that it requires knowledge
of J, where our result is independent of J.

The paper is organized as follows. In Sec. 11, the mathematical
notation and models used in the paper will be introduced. In addi-
tion, a precise statement of the rotation axis attitude control problem
will be given. In Sec. 111, we present two control strategies for ro-
tation axis attitude control. The first is a state feedback result that
assumes both attitude and angular velocity information. The second
result removes the assumption that angular velocity is available. In
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addition, some heuristic rules for tuning the proposed strategies are
given.In Sec. IV, we present simulationresults that demonstrate our
technique. In Sec. V, we offer some conclusions.

II. Background and Problem Statement
This section provides brief background material on unit quater-
nions. Complete discussionson the use of unit quaternions for atti-
tude representationmay be found in Refs. 17 and 18.
A unit quaternionis a four dimensional unit vector. A rotation of
¢ rad about a unit vector z is represented by the unit quaternion

P
_1|» _(ﬁ s [sin(@/2)z
p= D3 “\p/) cos(¢/2)
Po

where p is the vector part of the quaternionand p is the scalar part
of the quaternion.
The conjugate of a unit quaternion, which represents a rotation

of —¢ aboutz, is given by
p =
Po

Quaternion multiplicationis defined by the equation

.- (qoir+pot} +p x é)
q0Po—q'p

The identity quaternion is given by 1=(0,0,0, 1)", where
pp* = p*p =1. On occasion we will have need to refer to the scalar
and vector parts of the product of two or more quaternions. In that
case we will use the notation (pq), and pg refer to the scalar and
vector parts of pq, respectively. To simplify the equationsin several
places we will use the notation

> ;)

If the attitude of the spacecraftis represented by ¢, then the equa-
tions of motion for the spacecraft are given by

q=5qw (1)

Jw=—-wxJw+T 2)

If g represents the attitude of the spacecraft, and g¢ represents
its desired attitude, then the error quaternion, which represents the
attitude error between ¢ and ¢, is given by e = g?*q.

In this paper, the attitude control problem of rotating a rigid body
from its current attitude g to a desired attitude g¢ is considered,
where we would like the instantaneous axis of rotation to align as
closely as possible with an externally defined desired axis of rota-
tion thatis fixed in the inertial frame. Let the desired axis of rotation
be represented by the unit vector u. A block diagram of the pro-
posed approachis shown in Fig. 1, where both ¢¢ and u are defined
externally.

u
—> .
Rotation . 1 N
q d e Axis »  Spacecraft © ”
Controller >

T

Fig.1 Proposed block diagram of the closed-loop system.

III. Rotation Axis Control

In this section we present the main results. In Sec. III.A, we show
how to factor a unit quaternion into two unit quaternions that rep-
resent a rotation about a fixed inertial axis # and a rotation about
an axis perpendicular to u. In Sec. III.B, we derive a state feed-
back control law that minimizes the motion perpendicularto . In
Sec. II1.C, we offer intuition about how the gains can be selected for
a desired response. Finally, an output feedback result is presented
in Sec. I11.D.

A. Quaternion Factorization

Let e = q%*q be the error quaternion, and let u# be an arbitrary
desired axis of rotation fixed in the inertial frame. We define e as
the unit quaternion that represents the portion of the rotation of e
that is parallel to u, thatis,

| sin(6/2)u
e (u) = |:c0s(9/2):| 3)
where

0= 2tan"(éTu/eo) “4)

Similarly, we can define the unit quaternion perpendicularto the
desired axis of rotation as

cos(0/2)e — ey sin(@/2)u — sin(0/2)u x é:|

L) =eje = [ cos(8/2)eo + sin(0/2)é"u

&)

Lemma: Let e be the unit quaternion representing attitude error
and let u be an arbitrarily defined desired axis of rotation, and let
e, (u) and e, (1) be defined as in Egs. (3) and (5), respectively, then
the following statements hold:

De=ej(m)e, (u).

2)e"u=0.

3) éﬁé 1 =0. .

4) The angular velocity w; = Ou satisfies the rigid-body kine-
matic equation

1 -
€ = €W

5) The angular velocity

A - -
W] =w —e w| e

satisfies the rigid-body kinematic equation
e, = %eidu

Proof: The proof of this lemma is based on standard quaternion
manipulation. Full details appearin Ref. 19. O

B. State Feedback Rotation Axis Control
In this section, we will consider the control strategy given by

T = —klé—dlw—kzél _dQ([_uuT)UJ (6)

where the first two term are similar to proportional-derivative(PD)
control using quaternion feedback,' and the second two terms feed
back the portion of the error quaternion that is perpendicularto u.

Theorem 1: Consider the spacecraft whose dynamics are given
by Eqgs. (1) and (2). Let u be an arbitrary unit vector representing
the desired axis of rotation in the inertial frame, let e, be given by
Eq. 5, and let the input torque be given by Eq. (6).

1) If the constants k4, k,, d;, and d, are positive and k; # k,, then
e(t) = 0 and w(t) — 0 asymptotically.

2) In addition, if

kille(©) — 11> + k2lle (0) — 1]1* 4+ 10" (0)Jw(0) < 2k; + 2k,

then |le(t) —1|| = 0 and ||w(?)]| = O asymptotically.
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3) If condition 1 holds and the initial state satisfies

e(0) # —1, w(0) =0, le (0) =1 <3

V8 + (ki /ky)lle(0) — 12 < € )

then (¢, w) — (1, 0) asymptotically, and |le, (#) — 1| <e for all
t>0.

The first statement of Theorem 1 guarantees regulation of the
attitude error to zero. The second statement excludes the case of
regulationof the error to —1. The third statement guarantees that, if
the component of the initial attitude error that is perpendicularto u
is bounded by §, throughout the maneuver it remains boundedby e,
where € can be made arbitrarily close to § by an appropriate choice
of k; and k.

Proof: First consider the Lyapunov function candidate

V=kille—1"+klle, — 1> + 1w Jw

which is zero if and only if e =1 and w = 0. Differentiating V, we
obtain

V =2ke—1DTe+2k (e, — e, +wJw

dx* dx

Noting that e =¢%*q = %q

Eq. (2), we obtain

qw = %eo’; and using the lemma and

V=k(e—1)"Tew+2ke, —e &, +w'r

Observing that

;- e T (epw +w x & a
e—1D'ew = oy =w'e
ey — 1 —e'w

we get
V =k1wTé+k2wiél +UJTT (8)

When the definition of w  is used, it is straightforward to show that
w’e, =w’e, . Therefore, V can be written as

V=kw'e+kw'e, +w'r
=wli(t+ke+ke,)
= wl[—dw —dy(I; —uu")w]
= —w'Dw 9)

where D =[d;I; +d,(I3; —uu”)] and the third line was obtained
from Eq. (6). Noting that D is symmetric and positive definite, we
see that V <0. ) _

Let 2= {(e, w)|V =0} and let Q be the largest invariant subset
in Q. On Q, w(t) = 0 and 7(¢) = 0; therefore, from Eqs. (2) and (6),
we get that

kie+ke, =0 (10)
Because
e=epe +epeL+e xe
substituting into Eq. (10) gives
kiejoe; + (ky + kieyg)e, +kieyxe, =0 (11)

If we multiply Eq. 11 by e[, e, and (¢, x &))", respectively, we
obtain the following relations:

eolléey > =0 (12)

(/7(2'|‘/7<’1€||0)||éL||2 =0 (13)

ler x e > =0 (14)
AT A

Note from the lemma that e e, =0; then Eq. (14) indicates that
e, and ¢ are simultaneously parallel and perpendicular. There-
fore, either €, or ¢ must be zero. If €, =0, then e, ==*1, and

from Eq. (12), &, =0. On the other hand, if & =0, then ejp = %1,
and provided that k| # k,, Eq. (13) implies that ¢, = 0. Therefore,
¢, =¢, =0, which implies that ejo ==+1 and e, , ==1, or equiv-
alently e =e e, = %1. Therefore, 2 = {(&1, 0)} and LaSalle’s in-
variance principle ensures that () — 0 and w(t) — 0 asymptoti-
cally.

Second, suppose that e=—1. It follows that eje, =—1 or
e, = —e* . Thereforee; = €,,andejy = —e . Becausee| and e are
simultaneouslyequal and perpendicular, they must both equal zero.
From Eq. (4),e = 0implies that® = 0, which implies from Eq. 5 that
e o =eg=—1.Thus, we can see thate =e, = —1. Therefore, when
e=—1 and w =0, the Lyapunov function is equal to 2k; + 2k,.
Because V <0 if

Vie(0), w(0)] < 2k; + 2k,

the attitude state can never reach the state (e, w) = (—1, 0), which
implies that the attitude will converge to (1, 0) because this is the
only remaining element of .

Third, note that because w(0) =0 and ¢(0) # —1 condition 2
holds and, thus, (g, w) — (1, 0) asymptotically. From Lyapunov
theory, we get

kolle (1) = 111> < kille(r) = 11 +kylle (1) = 1I° + sw () Jw(t)
=V®)
=V
= kille(0) = 11> + ks lle 1 (0) = 1UI* + 5w (0) T w(0)
= kille(0) — 1|I* + kolle L (0) — 1

[because w(0) = 0]

< kille(0) — 1]* + k»8°

from which we obtain

le () —1] < /8> + (ki /k2)lle(0) — 1|2 < € m

C. Gain Selection Heuristics

The objective of this section is to offer some simple heuristics
for choosing the gains k;, d;, k,, and d,. We begin by combining
Egs. (2) and (6) to obtain

Projecting this equation onto the desired axis of rotation by multi-
plying both sides of Eq. (15) by u” gives

wJo+u (wxJw) +du"w+ku'e=0 (16)

Note thatk, and ds, the gains associated with off-axis motion, do not
appear in Eq. (16). Assuming that the off-axis motion is small, we
can approximate e and w as e ~ sin(9 /2)u and w ~ Hu. Substituting
these approximationsinto Eq. (16) gives

u'Jub 4+ d6 + k; sin/2) =0 17)

For small angles, sin(6/2) ~ 6 /2, which allows us to write Eq. (17)
as

6+ (d, /u"Jw)é + (k; /2u"Ju)6 =0 (18)

which is a second-order linear system. The gains k; and d; can be
selected to give the desired linear response for small angles near the
axis of rotation.

Selection of k, should be made based on Eq. (7). Given e, § <€,
ky, and |le(0) — 1]|, k, is chosen such that

-1
ky > ki IIeG(ZO)_ = [

The gain d, adds damping to the motion of e, . Although the se-
lection of d, appears arbitrary, note, however, from Eq. (6) that the
matrix d, I + d»(I; — uu™) multiplies w. Therefore, if d, > d,, the
conditionnumber of this matrix becomes large, and small (possibly
numeric) variationsin w may causelarge swings in 7. Based on sim-
ulation, we have found that 10d, <d, < 100d, results in adequate
damping.
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D. Output Feedback Rotation Axis Control

The control law given in Eq. (6) requires knowledge of both e
and w. This section uses the passivity ideas presentedin Refs. 6 and
7 to remove the dependence on w.

Theorem 2: Consider the spacecraft whose dynamics are given
by Egs. (1) and (2). Let u be an arbitrary unit vectorrepresenting the
desired axis of rotation fixed in the inertial frame, let e, be given by
Eq. (5), and let the input torque be given by the following dynamic
system:

& = Aa + Be
= B"PAc + B"PBe
T = _klé_kQél_e/*} (19)

DIfk >0,k >0, k #ky, AcR*** is Hurwitz, B e R*** is
fullrank,and P is the positive definite solutionto ATP + PA =—Q,
where 0 e R*** ig negative definite, then e() — 0 and w(t) — 0
asymptotically.

2) In addition, if a(0) = —A~! Be(0) and

kille(0) — 1|* + ks lle . (0) — 1]1* + 10" (0)Jw (0) < 2k; + 2k,
then |le(t) —1|| = 0 and ||w(?)|| — 0 asymptotically.

3) If condition 1 holds and the initial conditions satisfy

q(0) # —1, a(0) = —A~'Be(0), w() =0

lleL (0) =1l <4, V2 + (ki /ko)lle(0) — 112 < €

then |le, (r) —1|| < e forall # > 0.
Proof: Note that the filter equation

& = Ao + Be
y = B"PAa + B'PBe
can be expressed as
Ao + Be
y = B'Pa& (20)

o
[

where & = ax.
Consider the Lyapunov function candidate
V=kille—1>+kle. — 1’ + tw'Jw + a"Pa
Differentiating V, substitutingin Eq. (20), and using the same steps
as in the preceding section, we get
V=wl(r+keé+ke,)—a'Qa+2a"PBé
=wl(T+ke+ke,)—a’'Qa+y’ (ew)
=w(T+keée+ke)—a’ Qa+ (yew),
=W (T+ké+ke,)—a'Qa+w ey
=w (T +keé+keé, +ey) —a'0a
=-a'0a

<0

Let 2 be the largest invariant subset of @={(e, w, @)|V =0}. On
Q, a(t)=0. This also implies that a(t) =0. From Eq. (20), on
this set, e(t) =0. Because w=2e¢*¢ and 7 = Jw + w X Jw, it also
follows that w(f) = 7(¢) = 0. Furthermore, because y= B’ P&, on
Q, y(t) =0. Therefore, k & + k,é, = 0. The arguments for the rest
of the proof are similar to the proof of Theorem 1. O

IV. Simulation Results
In this sectionwe presentsimulationresultsfor a spacecraftwhose
model is given by Egs. (1) and (2) where
1200 100 —200
J=1] 100 2200 300
—200 300 3100

Simulation results for four different controllers will be presented.
The first controller is the state feedback, rotation axis controller

givenin Eq. (6), where k; = 115,k, =1150,d, =736,and d, =736.
The second controlleris the output feedback, rotation axis controller
given in Eq. (19), where k; =92, k, = 1150, A =—101,;, B=1541,,
and

0 = 1701, — 100 (g) " 0)

For comparison purposes, we will also present simulation result for
the model-dependenteigenaxis controller presented in Ref. 12 and
given by

‘E=—wxfw—k1fé—d1fw

where k;, =0.1,d, =0.64, and Jisan approximationto J to within
10%. In addition, we will compare our results to the quaternion PD
control suggested in Ref. 1, which is given by

T = —klé — dlw
where k; =100 and d, = 700.
A. Example1

The first maneuver that we will present is a rest-to-resteigenaxis
maneuver where the initial conditionsof the spacecraft are given by

2.
=
Y
»|&
[e2)
ol
~
=)

q(0) = 011, wO =10

and the desired attitude is given

1
sin(0)| O
0

cos(0)

q(l

In other words, the desired rest-to-restmaneuveris a 40-degrotation
about the axis (1, 0, 0)”. The desired axis of rotation is also given
byu=(1,0,0)".

Figure 2 shows the simulation results. Note that the control gains
for each of the four controllers have been tuned to give similar
response for this particular maneuver. Figure 2a shows the con-
vergence of the combined state metrics ||e — 1|| + [|w||. Figure 2b
shows the norm of the torque ||7||. Note that each control strategy
requires roughly the same amount of torque for roughly the same
convergence rate. Figure 2¢ plots ||le; — 1| and, therefore, shows
the deviation of the attitude from the desired axis of rotation, which
in this case is the eigenaxis at time zero. Note that because neither
the model-dependenteigenaxis control strategy nor the PD control
strategy have feedback on e, small deviationsfrom the desired axis
of rotation are not compensated. Figure 2d shows a graph of

25

el
Note thate(7)/|le(2)| is the instantaneousrotation axis of the space-
craft with respectto the desired attitude. Therefore, Fig. 2d indicates
the deviation of the instantaneousrotation axis from the desired axis
of rotation. Figure 2d shows that the instantaneousrotation axis may
deviate substantially from the original desired eigenaxis.

B. Example2
For the second example, consider the same rest-to-rest maneuver
presented in example 1, but where the desired rotation axis is given
by
cos (30 /180)
u = | sin (307 /180)
0
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0.4
— State Feedback
- Qutput feedback
0.3 - — - Eigenaxis with J
= — — PD without J
=
+ \
= 0.2 N
b N
_— \
0.1 N
~
N
0 TR ==
0 10 20 30 40 50
time
a) States le — 1l + Fwll
40

0 10 20 30 40 50
time

b) Control torque Il 7 Il

x107°
5
-~
4 /N
N
! \
T
o ! \
= 2 li \
! =N -
’ N7 ~ -
1 Tes =~
,/4 B
0/ . e
0 10 20 30 40 50
time

¢) Error perpendicular to u’:Je — 11

0.14
0.12
0.1 s

0.08 4

0.06

norm diff
AN

0.04 ’

0.02 ——

0 10 20 30 40 50

0

d) le/lell —u’ll

Fig.2 Rest-to-rest maneuver about the eigenaxis.
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Fig. 3 Rest-to-rest maneuver where desired rotation axis is 30 deg off of the eigenaxis at time zero.

In other words, the desiredrotationaxis is 30 deg off of the eigenaxis
at time zero. Figure 3 shows the simulation results for this case.
Note, first, that the motion of the spacecraft perpendicular to
u is driven to zero quickly by the proposed controllers. However,
movement about a desired rotation axis as opposed to the “natural”
eigenaxis comes at the price of control effort. The control torque
is four time greater for the rotation axis controllers than the eigen-
axis and PD control strategies. In example 1, the desired rotation
axis was the natural eigenaxis and, therefore, the output of the four

controllers was essentially the same. In this example, the rotation
axis control strategies attempt to rotate the spacecraft to an orien-
tation such that the remaining maneuver is aligned with the desired
rotation axis. The alignment with the desired rotation axis requires
extra bandwidth.

V. Conclusions

We have presented a model-independentattitude control law that
is designed to align the instantaneous rotation axis of a spacecraft
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aboutan externally defined desired axis of rotation. Both state feed-
back and output feedback strategies were presented. The most obvi-
ous application of this approachis attitude formation control where
a group of spacecraft must rotate about the same axis of rotation.
The two simulation examples illustrate that the approachin factreg-
ulates the instantaneousrotation axis to the desired axis of rotation.
In addition, the examples illustrate that additional control effort is
required to effect these types of maneuvers.
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